This study uses the Bayesian approach of Wang (1998) to examine the benefits of factor investing in U.K. stock returns in the presence of market frictions. My study finds that factor investing provides significant performance benefits when the benchmark investment universe is the market index, even in the presence of market frictions such as portfolio constraints and trading costs. However when the benchmark investment universe includes industry portfolios, market frictions, such as no short selling constraints and trading costs, tends to eliminate the benefits of factor investing. Imposing less restrictive portfolio constraints, factor investing can generate significant performance for investors with higher risk aversion levels.
Introduction
Linear factor models motivated by the capital asset pricing model (CAPM) and arbitrage pricing theory (APT) play a central role in practical applications such as evaluating the performance of managed funds, estimating expected excess returns (Sarisoy, Goeij & Werker, 2017) , and optimal portfolio choice (Uppal & Zaffaroni, 2017) . A recent innovation in quantitative asset management has been the development of factor investing (Ang, 2014) . The aim of factor investing is to allow investors to benefit from the risk premiums of different factors.
Empirical research in linear factor models has identified a number of different factors which are important in explaining cross-sectional stock returns. The most popular factors are based on the models of Fama & French (1993 and Carhart (1997) (Note 1), including size, value, momentum, profitability, and investment factors. These factors require long and short ends to exploit the factor risk premiums. The profitability of factor investing is captured by studies such as Eun, Lao, De Roon & Zhang (2010) , Israel & Moskowitz (2013) 
among others (Note 2).
A recent study by Briere & Szafarz (2017a) compare the performance of factor investing strategies of the size, value, profitability, investment, and momentum factors to an industry (sector) asset allocation strategy. Briere & Szafarz find that factor investing performs better when investors are able to short sell but sector investing performs better when there are no short selling constraints. Briere & Szafarz (2017b) find that combining factors and industries together leads to even better performance. The main advantage of sector investing lies in portfolio risk reduction and the main benefit of factor investing lies in higher expected return. Briere & Szafarz (2017c) explore further the role of short selling constraints in factor investing strategies. They find that imposing the Fama & French (1993) constraint (Note 3) on the factors actually leads to good performance and in some cases performs as well as the unconstrained mean-variance optimization.
I use the Bayesian approach of Wang (1998) to examine the mean-variance benefits of factor investing in U.K. stock returns using the same set of factors as Briere & Szafarz (2017a,b,c) .
My study focuses on two main issues. First, I examine the mean-variance performance benefits of adding the factors to a benchmark investment universe. I evaluate performance using the Certainty Equivalent Return (CER) for different levels of risk aversion for the investor. I consider two benchmark investment universes. The first is the market index and the second includes industry portfolios. Second, I examine the impact of market frictions on the CER performance of factor investing. The market frictions I examine are no short selling and upper bound constraints on the optimal portfolio weights and proportional transaction costs. I also consider the impact of the less restrictive portfolio constraints used by Briere & Szafarz (2017c) .
There are four main findings in my study. First, market frictions has a significant impact on the CER performance of the factor investing strategies. Second, when the benchmark investment universe is the market index, factor investing leads to a significant increase in CER performance even in the presence of market frictions. Third, when the benchmark investment universe includes the industry portfolios, market frictions tends to eliminate the incremental benefits of factor investing. Fourth, when investors face the more relaxed portfolio constraints of Briere & Szafarz (2017c) , factor investing now delivers significant performance benefits to the benchmark investment universe including industry portfolios. My study suggests that market frictions has a significant impact on the performance benefits of factor investing.
My study makes two contributions to the literature. First, I complement the recent studies of Briere & Szafarz (2017a,b,c) by focusing on the U.K. market rather than the U.S. market.
Recent studies by Hou, Xue & Zhang (2017a) and Harvey (2017) highlight the importance of replication studies in Finance, which is common in other fields of science. I extend the Briere & Szafarz studies by considering the impact of trading costs and using the Bayesian approach rather than classical tests of mean-variance efficiency. Second, I extend the empirical evidence of linear factor models such as Fama & French (2015 in U.S. stock returns and Fletcher (2001), Gregory, Tharyan & Christidis (2013) , and Michou & Zhou (2016) among others in U.K. stock returns. I extend this evidence by focusing on the investment benefits of factor investing rather than evaluating the performance of the models.
My paper is organized as follows. Section 2 presents the research method. Section 3 describes the data used in my study. Section 4 reports the empirical results and the final section concludes.
Research Method
The mean-variance approach of Markowitz (1952) , in the presence of a risk-free asset (Rf), assumes that investors select the optimal portfolio weights in N risky assets to:
where x is a (N,1) vector of optimal weights, u is a (N,1) vector of expected excess returns, V is the (N,N) covariance matrix, and is the level of risk aversion. The framework in equation
(1) assumes that the investment in Rf is such that x'e + xRf = 1, where e is a (N,1) vector of ones and xRf is the weight in Rf. Equation (1) can also be estimated using portfolio constraints.
In most of my analysis, I consider two models of constrained portfolio strategies. First, in the Constrained 1 portfolio strategies no short selling is allowed in the N risky assets (xi ≥ 0 for i=1,…,N) and in Rf (x'e ≤ 1). Second, in the Constrained 2 portfolio strategies, in addition to the short selling constraints, I add a 20% upper bound constraint (Note 4) in the N risky assets (xi ≤ 0.2 for i=1,….,N) (Note 5) for i = 1,…,N.
As well as considering the two constrained portfolio strategies, later in the paper, I examine the impact of using the more relaxed portfolio constraints on the factors implied the Fama & French (1993) model used by Briere & Szafarz (2017c) . The size (SMB), value (HML), profitability (RMW), investment (CMA), and momentum (WML) factors in the Fama & French (1993 , and Carhart (1997) assume a zero-cost constraint (Fama & French, 2017) .
The short end of the factor is set equal to the opposite sign and size of the long end of the factor.
To impose this approach in the mean-variance optimization, I work with the zero-cost SMB, HML, RMW, CMA, and WML factors and impose the portfolio constraints on these factors.
This approach implies that the short end of each factor is equal to the magnitude of the long end of the factor. As in Briere & Szafarz (2017c) , either end of the each factor can be selected to be the long end in the optimization.
I use the mean-variance objective function in equation (1) to evaluate the performance of the optimal factor investing strategies. The performance measure is known as the Certainty Equivalent Return (CER) (Note 6). My main empirical results examine the increase in CER performance of adding the factors to a benchmark investment universe. Define K as the number of risky assets in the benchmark investment universe and N are the number of risky assets, which are added to the benchmark investment universe. The increase in CER performance (DCER) is given by:
where x, u, and V now have a dimension of N+K, and xb is a (N+K,1) vector of a benchmark portfolio where the first N cells equal zero and K are the weights of the risky assets in the benchmark investment universe. I set the risk aversion to be equal to 1, 3, and 5. If the factors do not lead to a significant increase in CER performance, I expect DCER = 0.
I estimate the magnitude and test the statistical significance of the DCER measure using the Bayesian approach of Wang (1998) . The Bayesion approach of Wang builds on the earlier work of Kandel, McCulloch & Stambaugh (1995) . An alternative approach to test either meanvariance intersection or spanning (Note 7) is developed by Gibbons, Ross & Shanken (1989) and Huberman and Kandel (1987) for the unconstrained portfolio case. Classical tests of meanvariance intersection and spanning in the presence of portfolio constraints have been developed by Basak, Jagannathan & Sun (2002) , Briere, Drut, Mignon, Oosterlinck & Szafarz (2013) , and
De Roon, Nijman & Werker (2001) (Note 8). Li, Sarkar & Wang (2003) point out that the Bayesian approach has a number of advantages over the classical approach. First, the Bayesian approach is a lot more easy to implement in the presence of portfolio constraints and can use a variety of performance measures. Second, the uncertainty in finite samples is incorporated into the posterior distribution. Third, the classical tests rely on a linear approximation to derive the standard errors of the mean-variance inefficiency measures, but the Bayesian approach uses the exact nonlinear function.
The Bayesian approach assumes that the N+K asset excess returns have a multivariate normal distribution (Note 9). I assume a non-informative prior about the expected excess returns u and the covariance matrix V. Define us and Vs as the sample moments of the expected excess returns and covariance matrix, and R as the (T,N+K) matrix of excess returns on the N+K assets. The posterior probability density function is given by:
where p(u|V,us,T) is the conditional distribution of a multivariate normal (us, (1/T)V) distribution and p(V|Vs,T) is the marginal posterior distribution that has an inverse Wishart (TV, T-1) distribution (Zellner, 1971) .
To approximate the posterior distribution of the DCER measure, I use the Monte Carlo method of Wang (1998) . I use the following four-step approach. First, a random V matrix is drawn from an inverse Wishart (TVs,T-1) distribution. Second, a random u vector is drawn from a multivariate normal (us, (1/T)V) distribution. Third, given the u and V from steps 1 and 2, the DCER measure from equation (2) is estimated. Fourth, steps 1 to 3 are repeated 1,000 times to generate the approximate posterior distribution of the DCER measure.
The posterior distribution of the DCER measure is then used to assess the size of the performance benefits and the statistical significance of these benefits. The average value from the posterior distribution of the DCER measure provides the average performance benefits in terms of the increase in CER performance. The values of the 5 th and 10 th percentiles of the posterior distribution of the DCER measure provides a statistical test of the average DCER = 0 (Hodrick & Zhang, 2014) . If the factors provide significant performance benefits, I expect to find a significant positive average DCER measure.
The Monte Carlo simulation also gives the approximate posterior distribution of the weights in the optimal portfolio strategies. Britten-Jones (1999) and Kan & Smith (2008) derive the sampling distribution of the optimal mean-variance portfolio weights when there are no portfolio constraints. The Bayesian approach provides an approximate posterior distribution of the optimal weights when there are portfolio constraints. I can use the posterior distribution to examine if the average weights in the optimal portfolios are more than two standard deviations from zero (Li et al, 2003) .
The analysis so far ignores trading costs. I use the approach of Luttmer (1996) basis points on all risky assets as in Balduzzi & Lynch (1999) and DeMiguel et al (2009) .
Second, I assume cost per transaction of 50 basis points on the Losers and Winners factors but 10 basis points on all the other factors. I use higher trading costs on the Losers and Winners factors as these factors imply a much higher portfolio turnover (Frazzini, Israel & Moskowitz, 2014; Novy-Marx & Velikov, 2016) .
Data
I evaluate the benefits of factor investing in U.K. stock returns between July 1983 and December 2016. I use the same set of factors as in Briere & Szafarz (2017a,b,c) , which includes the long and short legs of the Fama & French (2015) Panel A of Table 1 shows that there is a wide spread in the average excess returns across the ten factor portfolios. The mean excess returns range between -0.043% (Losers) and 0.864% (Winners). The Losers portfolio also has the highest volatility among the ten factors. The mean excess returns between the Big and Small factors are very close to each other, highlighting the negligible size effect over the sample period. The mean excess returns highlight the value, momentum, profitability and investment effects, where the mean excess return of the Value factor is higher than the Growth factor, the mean excess return of the Winners factor is higher than Losers factor, the mean excess return of the Robust factor is higher than Weak factor, and the mean excess return of the Conservative factor is higher than Aggressive factor. Among the five zero-cost factors, the momentum effect is the strongest by a wide margin. The ten factors are highly correlated with one another with an average correlation of 0.901. This pattern suggests that portfolio risk reduction benefits of investing in the factors is likely to be small. The correlation patterns are similar to Briere & Szafarz (2017a) in U.S. stock returns.
The industry portfolios have a narrower spread in the mean excess returns compared to the factor portfolios. The mean excess returns range between 0.350% (Retailers) and 0.701% (Noncyclical Consumer Goods). However the industry portfolios have a wider spread in volatility compared to the factor portfolios. The volatility of the industry portfolios range between 4.204% (Noncyclical Consumer Goods) and 6.564% (Cyclical Consumer Goods).
The industry portfolios also have lower correlations compared to the factor portfolios. The average correlation for industry portfolios is 0.617 compared to 0.901 for the factor portfolios.
and there is a wider range between the minimum and maximum correlations. This pattern suggests that portfolio risk reduction benefits are likely to be greater in the industry portfolios and is similar to Briere & Szafarz (2017a) in U.S. stock returns.
Empirical Results
I begin the empirical analysis by looking at the CER performance of the optimal factor investing strategies. This analysis simply estimates the mean-variance objective function in equation (1) and tests whether the mean CER measure is significantly positive. Tables 2 and 3 report the empirical results. Table 2 reports the summary statistics of the posterior distribution of the CER performance for the unconstrained and constrained portfolio strategies. Table 3 reports the mean and standard deviation of the posterior distribution of the optimal portfolio weights in the factor investing strategies. performance of the optimal factor investing strategies between July 1983 and December 2016. The investment universe includes the excess returns of ten factor portfolios and the one-month U.K. Treasury Bill return. The summary statistics include the mean, standard deviation, fifth percentile (5%), tenth percentile (10%), and the median of the posterior distribution of the CER performance. Risk aversion ( ) levels are set equal to 1, 3, and 5. Panel A refers to the unconstrained portfolio strategies. Panel B refers to constrained portfolio strategies (Constrained 1), where no short selling is allowed in the ten factors and the one-month Treasury Bill. Panel C refers to constrained portfolio strategies (Constrained 2), where no short selling is allowed in the ten factors and the one-month Treasury Bill, and there is an upper bound constraint of 20% of each of the factors. of the posterior distribution of the optimal portfolio weights of the factor investing strategies between July 1983 and December 2016. The investment universe includes the excess returns of ten factor portfolios and the one-month U.K. Treasury Bill return. The summary statistics include the mean, and standard deviation from the posterior distribution of the optimal portfolio weights. Risk aversion ( ) levels are set equal to 1, 3, and 5. Panel A refers to the unconstrained portfolio strategies. Panel B refers to constrained portfolio strategies (Constrained 1), where no short selling is allowed in the ten factors and the one-month Treasury Bill. Panel C refers to constrained portfolio strategies (Constrained 2), where no short selling is allowed in the ten factors and the one-month Treasury Bill, and there is an upper bound constraint of 20% in each of the factors.
Panel A of Table 2 shows that there is a large significant positive CER performance for the unconstrained portfolio strategies. The average CER performance is highly significant at the 5% percentile. The median CER performance is close to the mean CER performance. The optimal portfolio weights underlying the large CER performance in panel A of Table 3 have extreme weights, with large long and short positions. Extreme weights are common in unconstrained sample mean-variance portfolios (Michaud, 1989) . Increasing risk aversion levels leads to a substantial moderation in the mean and volatility of optimal weights. The large long positions are in the Winners, Robust, Conservative, and Value factors and the largest short positions are in the Growth, and Aggressive factors. The optimal weights in panel A of Table 3 also have substantial volatility. As a result, only the Winners, Robust, and Aggressive factors have mean weights more than two standard deviations from zero. The large volatility in portfolio weights is consistent with Britten-Jones (1999).
Imposing no short selling constraints in panel B of Table 2 leads to a large reduction in the mean and volatility of the CER performance. The reduction in volatility of CER performance is consistent with the lower estimation risk in sample mean-variance portfolios with no short selling constraints (Frost & Savarino, 1988; Jagannathan & Ma, 2003) (Note 11). The mean CER performance remains significant at the 5% percentile. Imposing no short selling constraints leads to a lack of diversification in the optimal factor investing portfolios as only the Winners factor is held in reasonable long positions in panel B of Table 3 with the remainder going to the riskless asset. The impact of no short selling constraints on the CER performance of the factor investing strategy is consistent with Briere & Szafarz (2017a,b,c) . Briere & Szafarz show that factor investing strategies rely heavily on being able to short sell.
To ensure more diversification in the optimal factor investing strategies, imposing a 20% upper bound constraint leads to a further reduction in CER performance in panel C of Table 2 . The CER performance remains significant at the 5% percentile. In the optimal portfolios, the dominant factors are Value, Winners, Robust, and Conservative. At = 5, it is only the Winners and Conservative factors with a positive mean weight more than two standard deviations from zero. Tables 2 and 3 ignores trading costs. I next examine the impact of trading costs on the performance of the factor investing strategies. I repeat the analysis in Table 2 for the constrained portfolio strategies using the two cases of trading costs. When trading costs are 50 basis points on all the factors, the significant positive CER performance of the constrained portfolio strategies disappears at the 5% percentile. When the trading costs are only 50 basis points on the Winners and Losers factors, there is a drop in the CER performance but the positive CER performance remains significant when the investor only faces short selling constraints. With the additional upper bound constraint, the significant positive CER performance disappears at the 5% percentile. Tables 2 and 3 suggest that optimal factor investing strategies deliver significant positive CER performance and imposing portfolio constraints has a major impact of reducing CER performance. This result is similar to Briere & Szafarz (2017a,b,c) . Adjusting for trading costs has a futher impact. This finding suggests that market frictions has a significant impact on the performance of the factor investing strategies. This finding is consistent with the impact of market frictions on other asset pricing applications such as He & Modest (1995 ), Luttmer (1996 I next examine the benefits of adding the factors to the two benchmark investment universes. Table 4 reports summary statistics of the posterior distribution of the DCER measure when the benchmark investment universe is the market index (panel A) and the industry portfolios (panel B). To conserve space, I do not report the posterior distribution of the optimal portfolio weights but will discuss in the text (Note 12). Note. The table reports the summary statistics of the posterior distribution of the DCER (%) measure of adding ten factors to two benchmark investment universes between July 1983 and December 2016. The DCER measure is the increase in CER performance of adding the ten factors to the benchmark investment universe. The first benchmark universe is the excess returns of the market index (panel A). The second benchmark universe is the excess returns on ten industry portfolios and the one-month Treasury Bill return (panel B). The summary statistics include the mean, standard deviation, fifth percentile (5%), tenth percentile (10%, and median from the posterior distribution of the DCER measure. Risk aversion ( ) levels are set equal to 1, 3, and 5. The results are reported for the unconstrained portfolio strategies, constrained portfolio strategies (Constrained 1), where no short selling is allowed in the risky assets and one-month Treasury Bill, and the constrained portfolio strategies (Constrained 2), where in addition to the short selling constraints there is a 20% upper bound constraint in each risky asset.
The analysis in
Panel A of Table 4 shows that adding the ten factors to the benchmark investment universe of the market index leads to a significant increase in CER performance. The mean DCER measures are substantial for the unconstrained portfolio strategies and highly significant. The optimal portfolios underlying the increase in CER performance have extreme mean weights and are highly volatile. Imposing no short selling constraints leads to a substantial drop in the mean and volatility of the DCER measures and there is a further reduction with the upper bound constraints. However the benefits of factor investing remains significant as all the mean DCER measures are significant at the 5% percentile.
The optimal weights in the constrained portfolio strategies show that when there are only short selling constraints, only the Winners factor is held with a mean weight above 0.74 with most of the remainder invested in the risk-free asset. The superior performance of factor investing is driven by the Winners factor. With the upper bound constraint, there is now a significant positive mean weights in the Value, Winners, Robust, and Conservative factors when = 1.
Only the mean weights on the Winners and Conservative factors is significant across all levels of risk aversion. The Value and Robust factors are also significant at = 1. There is little exposure to the Market factor confirming again the performance benefits of factor investing even in the presence of portfolio constraints when the benchmark investment universe is the Market factor.
The results in panel A of Table 4 are consistent with Briere & Szafarz (2017b) who find that factor investing leads to both a significant increase in average returns and a significant reduction in volatility, even with no short selling constraints, relative to the market index. The results in panel A of Table 4 can also be interpreted in terms of the portfolio efficiency of the market index. The mean-variance efficiency of the market index is rejected here even in the presence of no short selling constraints. Portfolio constraints do however lead to a substantial reduction of the mean-variance inefficiency of the market index. This result is consistent with Tables 5 and 6 reports the posterior distribution of the DCER measure for the two cases of trading costs when the benchmark investment universe is the market index (Table 5 ) and when the benchmark investment universe contains the industry portfolios (Table   6 ). of the posterior distribution of the DCER (%) measure of adding ten factors to the benchmark investment universe adjusting for the impact of trading costs (TC) between July 1983 and December 2016. The DCER measure is the increase in CER performance of adding the ten factors to the benchmark investment universe. The benchmark universe is the excess returns of the market index. The summary statistics include the mean, standard deviation, fifth percentile (5%), tenth percentile (10%), and median from the posterior distribution of the DCER measure. The results are reported for the two constrained portfolio strategies. Constrained 1 portfolio strategies are where no short selling is allowed in the risky assets and the one-month Treasury Bill. Constrained 2 portfolio strategies are where in addition to no short selling constraints, there is a 20% upper bound constraint on each risky asset. There are two cases of trading costs. Panel A (Case 1 TC) refers to a cost per transaction in each risky asset of 50 basis points. Panel B (Case 2 TC) refers to a cost per transaction of 50 basis points in the Winners and Losers factors and 10 basis points in the other risky assets. Note. The table reports summary statistics of the posterior distribution of the DCER (%) measure of adding ten factors to the benchmark investment universe adjusting for the impact of trading costs (TC) between July 1983 and December 2016. The DCER measure is the increase in CER performance of adding the ten factors to the benchmark investment universe. The benchmark investment universe includes the excess returns on ten industry portfolios and the one-month Treasury Bill return. The summary statistics include the mean, standard deviation, fifth percentile (5%), tenth percentile (10%), and median from the posterior distribution of the DCER measure. Risk aversion ( ) levels are set equal to 1, 3, and 5. The results are reported for the constrained portfolio strategies. Constrained 1 portfolio strategies are where no short selling is allowed in the risky assets and the one-month Treasury Bill. Panel A of Table 5 shows that when trading costs are 50 basis points on all risky assets, the benefits of factor investing actually increases when the benchmark investment universe is the market index. The mean DCER measures are larger than in panel A of Table 4 , especially at higher levels of risk aversion. For both sets of constrained portfolio strategies, the mean DCER measures are large in economic terms and highly significant. The other interesting finding is that there is a positive relation between the DCER measure and the level of risk aversion. The optimal portfolios underlying the increase in CER performance have no exposure to the market index. A large part of the portfolio is now invested in the risk-free asset (Note 13) and the only factor to be held is the Winners factor.
When the trading costs are only 50 basis points for the Winners and Losers factors as in panel B of Table 5 , there is a sharp drop in the performance benefits of factor investing relative to panel A of Table 5 . However the performance benefits remain significant as the mean DCER measures of the two groups of constrained portfolio strategies are all significant at the 5% percentile. There is again a positive relation between performance and the level of risk aversion. Comparing to the results in panel A of Table 4 , the differential trading costs leads to a substantive drop in performance when only the short selling constraints are imposed. There is less of an impact when the upper bound constraint is added. The optimal portfolios underlying the increase in CER performance are very different from panel A in Tables 4 and   5 . There is now little exposure to the Winners factor. With only short selling constraints, the dominant factor is the Conservative factor. With the upper bound constraint, the dominant factors are the Conservative, Value, and Robust factors. In spite of the change in the composition of the optimal portfolios, there is still little exposure to the market index. This result is again consistent with the benefits of factor investing. Table 6 shows that trading costs tends to eliminate the incremental CER performance of adding the factors to the benchmark investment universe of the industry portfolios. The mean DCER measures for the two groups of constrained portfolio strategies are all small and few are significant at the 5% and 10% percentiles. The optimal portfolios underlying the increase in CER performance, when trading costs are 50 basis points, the Winners factor dominates the industry portfolios when there are only short selling constraints. However, there is a large exposure to the risk-free asset. With the upper bound constraint, the combined weight of the industry portfolios exceeds the factor portfolios when = 1. With the differential trading costs, the optimal portfolios have only a small exposure to the factors and the industry portfolios dominate the factors. Tables 5 and 6 show that the performance benefits of factor investing in the presence of market frictions only survives when the benchmark investment universe is the market index. The final issue I examine is whether using the more relaxed portfolio constraints of Briere & Szafarz (2017c) can restore the performance benefits of factor investing when the benchmark investment universe includes the industry portfolios. Table 7 reports the summary statistics of the posterior distribution of the DCER measure of adding the five zero-cost factors to the benchmark investment universe of the industry portfolios. Table 7 reports the posterior distribution of the DCER measures for the constrained portfolio strategies where there are no trading costs (panel A), and the two models of trading costs (panels B and C) (Note 14). The table reports the summary statistics of the posterior distribution of the DCER (%) measure of adding five zero-cost factors to the benchmark investment universe between July 1983 and December 2016 using the constrained portfolio strategies. The DCER measure is the increase in CER performance of adding the zero-cost factors to the benchmark investment universe. The benchmark investment universe includes the excess returns on ten industry portfolios and the one-month Treasury Bill return. The summary statistics include the mean, standard deviation, fifth percentile (5%), tenth percentile (10%), and median from the posterior distribution of the DCER measure. Risk aversion ( ) levels are set equal to 1, 3, and 5. There are two sets of constrained portfolio strategies. Constrained 1 is where no short selling is allowed in the risky assets and the one-month Treasury Bill. Constrained 2 is where in addition to the no short selling constraints, there is a 20% upper bound constraint oin each risky asset. The results are reported when there are no trading costs (TC) (panel A). Case 1 TC (panel B), there is a 50 basis points of cost per transaction on each risky asset. Case 2 TC (panel C) is when there is a 50 basis points cost per transaction on the WML factor and a 10 basis points cost per transaction in the other risky assets. Table 7 shows that the performance of factor investing strategies improves with the more relaxed portfolio constraints. When there are no trading costs in panel A of Table 7 , adding the five zero-cost factors to the benchmark investment universe tends to lead to a significant increase in CER performance. The exception to this result is when = 1 and only short selling constraints are imposed. The mean DCER measures are reasonably large in economic terms and significant at the 5% percentile. There is a positive relation between the DCER measure and the level of risk aversion. The performance benefits of factor investing stems from the WML factor. With only short selling constraints, the mean weight on the WML factor is 0.62 and above and is significant when = 3 and 5. With the upper bound constraints, the mean weight on the WML factor continues to be significant.
With trading costs of 50 basis points on all risky assets, there is a drop in the mean DCER measures for both constrained portfolio strategies. However with the exception of = 1 in the presence of short selling constraints, the mean DCER measures remain significant. The optimal portfolios underlying the increase in CER performance have a similar pattern to those when there are no portfolio constraints. The performance benefits of factor investing are again driven by the WML factor.
With differential trading costs in panel C of Table 7 , the performance benefits of factor investing depends upon the level of risk aversion. When = 1, there are no performance benefits of factor investing for both constrained portfolio strategies. With only short selling constraints, there is a substantial drop in the mean DCER measure when = 1. At = 1, the mean weight on the WML factor is at its' lowest. When =3, adding zero-cost factors to the benchmark investment universe only leads to a significant increase in CER performance when there is both short selling and upper bound constraints at the 5% percentile.
At the highest level of risk aversion, adding the zero-cost factors to the benchmark investment universe of the industry portfolios does lead to a significant increase in CER performance with the differential trading costs. The mean DCER measures for both the constrained portfolio strategies are significant at the 5% percentile. It is interesting to note that the mean DCER measures when = 5 is similar for the constrained portfolio strategies using the two cases of trading costs. With upper bound constraints, the mean DCER measure nearly doubles between the two cases of trading costs. The significant performance benefits of factor investing at = 5 is driven by the higher mean weight on WML factor. The performance benefits of using the more relaxed portfolio constraints is consistent with Briere & Szafarz (2017c) .
Conclusions
This paper uses the Bayesian approach of Wang (1998) to examine the benefits of factor investing in U.K. stock returns in the presence of market frictions. There are four main findings in my study. First, when considering the factors on their own, factor investing leads to significant positive CER performance for both unconstrained and constrained portfolio strategies. This finding holds across all levels of risk aversion. Imposing portfolio constraints has a significant negative impact on the mean-variance performance of the factor investing strategies. This result is consistent with Briere & Szafarz (2017a,b,c) and the negative impact of short selling constraints on performance is consistent with Jacobs & Levy (1993) and Miller (2001) . When trading costs are incorporated, much of the superior performance of the factor investing strategies disappear. This finding suggests that market frictions has a significant impact on the performance of the factor investing strategies.
Second, when the benchmark investment universe is the market index, adding the factors to the benchmark investment universe leads to a significant increase in CER performance for both unconstrained and constrained portfolio strategies. Imposing portfolio constraints again leads to a large reduction in the DCER measures of the factor investing strategies. Much of the performance benefits are driven by the Winners factor. The performance benefits remain significant even after incorporating trading costs. When trading costs are 50 basis points, the magnitude of the mean DCER measures actually increases for the constrained portfolio strategies. The performance benefits of factor investing relative to the market index is consistent with Briere & Szafarz (2017a) who use different measures of mean-variance inefficiency than the one adopted in my study. From the perspective of testing the portfolio efficiency of the market index, this finding rejects the mean-variance efficiency of the market index even in the presence of portfolio constraints, which is consistent with Wang (1998 ), Li et al (2003 , Basak et al (2002) , Briere et al (2013) , and Fletcher (2017) among others.
Third, when the benchmark investment universe contains the industry portfolios, adding the factors to the benchmark investment universe leads to a large increase in CER performance for the unconstrained portfolio strategies. Imposing no short selling constraints eliminates the performance benefits of factor investing at the 5% percentile. This finding is consistent with Briere & Szafarz (2017a) who find factor investing strategies outperform industry strategies for unconstrained portfolio strategies by taking advantage of the factor premiums. There are significant performance benefits with the addition of the upper bound constraints but this result is due to the lower volatility of the DCER measures. Incorporating trading costs tends to eliminate the benefits of factor investing. In contrast, industry strategies perform better with constrained portfolio strategies by exploiting lower volatility. The finding that market frictions has a significant impact on the incremental CER performance of factor investing is consistent with the impact that market frictions has on other asset pricing applications such as He & Modest (1995) , Luttmer (1996 ), De Roon et al (2001 ), and De Roon & Szymanowska (2012 among others.
Fourth, factor investing can provide performance benefits to the benchmark investment universe of industry portfolios when the investor faces more relaxed portfolio constraints. This approach assumes that investors can actually invest in the short leg of the zero-cost factors by the same magnitude of the long leg. The performance benefits depend on the level of risk aversion. It is only when = 5, that there are significant increases in CER performance for both the constrained portfolio strategies even in the presence of trading costs. This superior performance is driven by the zero-cost WML factor. This finding is consistent with Briere & Szafarz (2017c) .
My results suggest that the benefits of factor investing depends critically on the benchmark investment universe used in the presence of market frictions. When the benchmark investment universe includes the industry portfolios, the benefits of factor investing tend to disappear with portfolio constraints and trading costs unless the investor is able to invest in the short leg of the zero-cost factors. My study has examined the performance of factor investing across a given sample period and could be extended in a number of ways. First, exploring the benefits of factor investing across different economic states along the lines of Briere & Szafarz (2017a) or using the regime switching method of Ang & Bekaert (2004) . Second, using a broader range of a different set of factors from newer factor models as Hou et al (2015) , Stambaugh & Yuan (2017) , Daniel et al (2017) , and Barillas, Kan, Robotti & Shanken (2017) . Third, examining the benefits of factor investing using small spread factors as Fama & French (2017 From the six size/BM portfolios, I form two size factors, and a Value and Growth factor. The size factors are a small stock factor (SmallBM) and a large stock factor (BigBM). The SmallBM factor is given by the mean return of the SG, SN, and SV portfolios. The BigBM factor is given by the mean return of the BG, BN, and BV portfolios. The Value factor is given by the average returns of the SV and BV portfolios. The Growth factor is given by the average returns of the SG and BG portfolios.
To form the Losers and Winners factors, I follow a similar approach to the size/BM portfolios, except the size/momentum portfolios are formed each month between July 1983 and December 2016. All stocks are ranked independently by size and momentum. Momentum is measured at month t as the cumulative buy and hold stock return between months t-12 and t-2. Stocks are allocated to two size groups and three momentum groups (Losers, Neutral, and Winners).
The momentum groups are formed using 30% and 60% breakpoints of the momentum measures of Big stocks. Six size/momentum (SL, SN, SW, BL, BN, BW) portfolios are formed using the intersection of the two size groups and momentum groups, and the value weighted portfolio return is calculated for the next month. To be included in the size/momentum portfolios companies are required to have complete monthly returns during the prior 12 months.
From the six size/momentum portfolios, I form a Losers and Winners factor. The Losers factor is given by the mean returns of the SL and BL portfolios. The Winners factor is given by the mean return of the SW and BW portfolios.
To form the Weak and Robust profitability factors, I use a similar approach to the size/BM portfolios. At the start of July each year between 1983 and 2016, all stocks are ranked independently by size and gross profitability (GP). I use the GP measure of Sun, Wei & Xie (2014) , where gross profitability is defined as annual revenues (WC01001) minus cost of goods sold (WC01051) divided by total assets (WC02999), from the prior calendar year. Stocks are allocated to two size groups and three GP groups (Weak, Neutral, and Robust). The GP groups are formed using breakpoints of 30% and 70% of the GP ratios of Big stocks. Six size/GP portfolios (SW, SN, SR, BW, BN, and BR) are formed at the intersection of the two size groups and three GP groups, and value weighted portfolio returns are calculated for the next twelve months. I exclude companies from the size/GP portfolios with zero total assets.
From the six size/GP portfolios, I form two size factors, and a Weak and Robust Profitability factor. The small stock factor (SmallGP) is given by the mean return of the SW, SN, and SR portfolios. The large stock factor (BigGP) is given by the mean return of the BW, BN, and BR portfolios. The Weak factor is given by the mean return of the SW and BW portfolios. The Robust factor is given by the mean return of the SR and BR portfolios. 3) Market Index I form the market index using a similar approach to Dimson & Marsh (2001) . At the start of each year between 1983 and 2016, all stocks on LSPD with a non-zero market value at the end of the previous year are grouped into the market index. I then calculate the value weighted buy and hold monthly returns of the market index during the next 12 months, where the initial weights are based on the market values.
